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a b s t r a c t

This paper provides a review of research conducted in TsAGI (Central AeroHydrodynamic Institute)
concerning a vortex wake behind an airliner. The research into this area of theoretical and practical
importance have been done both in Russia and in other countries, for which these studies became a vital
necessity at the end of the 20th century. The paper describes the main methods and ratios on which
software systems used to calculate the evolution of a vortex wake in a turbulent atmosphere are based.
Verification of calculation results proved their acceptable consistency with the known experimental
data. The mechanism of circulation loss in a vortex wake which is based on the analytical solution for the
problem of two vortices diffusing in a viscous fluid is also described. The paper also describes the model
of behavior of an aircraft which has deliberately or unintentionally entered a vortex wake behind
another aircraft. Approximated results of calculations performed according to this model by means of
artificial neural networks enabled the researchers to model the dynamics of an aircraft in a vortex wake
on flight simulators on-line.

& 2014 Elsevier Ltd. All rights reserved.
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1. Introduction

The investigation of vortex flows has always been one of the
paramount challenges for the researchers of TsAGI. This is largely
accounted for by the fact that professor N.E. Zhukovsky, an

outstanding scientist in the area of aerodynamics, made a sig-
nificant contribution to the evolution of vortex flow theory
through establishing linkage between the aerodynamic lift that
acts on aircraft and its vortex patterns properties [1]. Experimental
research on separated and vortical flows in wind tunnels, the
numerical simulation of these phenomena, analytical studies in
this area, and the generation of mathematical and engineering
models constitute the scope of everyday scientific and technical
activities of TsAGI. In 2013 the research Institute celebrated its 95th

anniversary.
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The second half of the XX century demonstrated a rapid
development of trends that were related to the study of vortical
flows; it was a period when major scientific schools, particularly
the ones devoted to this branch, were established. It is well known
that in high Reynolds number flows the separated boundary or the
ablation layer decays in infinitely slender surfaces of tangential
discontinuity in velocity. Nowadays numerical computational and
analytical methods to investigate the flows of this nature within
the perfect fluid model are well developed both in Russia and
abroad. Two scientific schools played a particularly important role
in the development of these methods in Russia and are still
influential in TsAGI. One was headed by Nikolsky [2–4] and the
other by Belotserkovsky [5–7]. The panel method and discrete
vortices methods proved to be efficient when computing the
forces and the moments that influence the streamlined body if
the line of separation and the slide-off line are specified. But no
matter how large the Reynolds numbers and how fine the space of
flow discretization might be, there are particular areas with
properties which are impossible to determine through these
methods. Among them the core vicinity of spiral tangential
velocity discontinuity, the flow separation points vicinity and the
flow adjunction points vicinity, the vortical flows that evolve in
large spatial and temporal scales and the vortical formations must
be mentioned. Supplementing such methods of computing flows
within inviscid fluid pattern with the research of flows parameters
in particular areas will allow us to expand the range of solvable
problems.

In this review we would like to dwell on the part of research of
vortical flows related to the vortex wake behind high aspect ratio
aircraft. This subject is not new to Russia. The solution to the far
laminar wake problem can be found in a monograph by Landau
and Lifshits [8]. They determined flow properties in relation to the
lift and the drag acting upon the streamlined body. This problem
received further development in the study of Ryzhov and Teren-
tiev [9]. The results obtained belong to the stable wake phenom-
enon, whereas in practically important cases, for instance, in the
case of the wake behind the high aspect ratio wing, the 3D vortex
wake instability results in its structural change and decay.

The vortex wake problem became the subject of intensive
investigations in TsAGI in the 1990 s. It should be mentioned that
several research programs were simultaneously conducted in
areas related to the determination of the characteristics of the
wake itself, the simulation of atmospheric vorticity within which
the vortex wake evolves, simulating the flow in a wake in wind
tunnels, and studying the aircraft behavior in a wake behind
another aircraft.

The aircraft behavior research covered the issues of flight
dynamics, aeroelasticity and safety. Such activity was caused by
the fact that the focus shifted from theoretical vortex wake
research to practical flight research. The growth of passenger
and cargo transportation made it necessary to study not only the
traditional aspects of aircraft characteristics research, but both the
issues of distance between landing aircraft which totally depends
upon the wake characteristics; and also the aircraft behavior and
training the staff to acquire the skills of controlling an aircraft that
has entered an influence field of the vortex wake.

2. Zonal research method for vortex wake evolution

Nowadays the principal properties of the vortex wake behind a
civil aircraft cannot be easily determined using any single numer-
ical code. This problem is complex because its solution depends
upon many non-uniformly scaled processes. The aircraft dimen-
sion is expressed in a few tens of meters, while a typical wake
linear scale is of ten kilometers approximately, the atmospheric

turbulence is characterized by one km scale; the diametrical wake
size is about the wingspan, and the vortex core scale is about one
meter. The flight altitude may vary significantly, e.g. from 10 km to
several meters. It is problematic for a single equations system to
describe all the processes that take place in a vortex wake. For that
reason the major part of research conducted in TsAGI divides the
total problem into subtasks.

From the point of view of flow zones differentiation one can
distinguish two principal zones: (1) The area close to the aircraft
and the near-field behind it; and (2) The long-distance zone where
there is no aircraft and where the vortex wake evolves with
specified characteristics.

The engineering methods [10,11], i.e. data approximation by
simple algebraic or differential equations, were of a determining
character at the initial stage of solving the problem. But step by
step these solutions were replaced by numerical computation of
more complex equations. Nowadays TsAGI possesses two major
software packages that facilitate the computation of a vortex wake
evolution, hereinafter referred to as Complex-1 and Complex-2 in
papers [12–17], respectively. Attempts were made to calculate the
flow within the vortex wake by the q–ω modified turbulence
model [18,16].

2.1. Near wake

As far as the near-field is concerned, both Complexes are based
upon the same approaches. The main objective is to determine the
flow characteristics at the point of leaving the near field, that is, to
determine the initial conditions for the far field.

The first three methods to determine the near-field flow
properties require a rather detailed geometry of an aircraft. These
methods are as follows:

1. The panel method for calculating equations for ideal fluid
motion; and

2. The calculation that is based upon the total potential equations
solutions subject to interaction with the boundary layer for
transonic regimes or the calculation of 3D Reynolds-averaged
(RANS) Navier–Stokes steady-state equations.

The panel method is based on PANSYM [19] and VORTPAN [20]
codes developed by different programmers.

The aircraft surface is modeled in the PANSYM method by a
number of quadrangular panels and the vortices and sources located
on these panels. The fuselage surface is modeled by panels with a
steady distribution of sources and sinks, and the panels with in-chord
piecewise-linear distribution of vortex plane density and with
piecewise-constant distribution of sources and sinks are located on
the surface of the wing and fins. Engine jets are modeled by flow fields
with panels with piecewise-constant distribution of vortex plane
density at the border, which provides a drastic alteration of density
and total pressure when crossing the boundary. The jet surface shape
coincides with the flow streamlines and is determined in the course of
the iterative solution of the flow problem. The computed angle of
attack of an aircraft is determined by the weight, the speed and the
altitude. The calculation model (e.g., IL-76 aircraft) in panel presenta-
tion is given in Fig. 1 where the computed shape of the vortex plane
shed off the wing trailing edge and the tail plane, together with the
geometry and the size of the engine jet flows, are shown.

The computed data vs. the experimental ones obtained under
M¼0.60 in WT for the IL-76 aircraft model are presented in Fig. 2.

In the VORTRAN method the aircraft surface is modeled by a set
of panels. The wing is simulated by locating a net of vortical panels
and the panels with continuously distributed sources on its mid-
surface. The fuselage surface is modeled by panels with constant
density sources; and the vortex plane is modeled by discrete
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vortex lines. Two options for engine simulation are possible: it
may be presented as a ducted nacelle or as a nacelle from which
the jet is exhausted with specified excess velocity.

The BLWF code [21] is used to compute the vorticity distribu-
tion behind the aircraft in transonic flight. The program is based
on a solution of the boundary-value problem for the velocity
potential. The viscosity is considered by approximating the
boundary layer with a fixed position of laminar-turbulent transi-
tion. The method allows one to model how local supersonic zones
and shock waves emerge and facilitates the computation of flows
with mild separation. The method is thoroughly validated.

The results obtained by panel methods turn out to be inapplic-
able to direct computing of the far wake because the vortex field is
described by a set of vortical lines, each of infinite vorticity.
Therefore, the vorticity of any vortex is “spread” upon the
empirical formula onto some area. It is well known that turbulent
jets which evolve in a homogeneous flow are described by
parabolic equations. However, in reality the characteristics of the

flow as a whole in the near field do not submit to parabolic
equations. In papers [22,23,12] the fields of velocity and pressure
are presented as a superposition of the field that is obtained by the
panel method of computation and of the unknown field. For the
unknown field the problem adds up to a parabolic equations
system. The vortex structures obtained in such a way turn out to
approximate the experimental data. Similarly, when using the
BLWF code in order to describe the initial field the obtained
distribution of circulation upon the lifting surfaces is being
“spread” onto the trailing edges while taking into consideration
the proper values of the boundary layer displacement thickness.

The k–ω SST turbulence model with wall function [24] is
used as a model to close the turbulent equations for calculating
the flow around the aircraft configuration by the solution of
Reynolds-averaged Navier–Stokes equations. The zone problem
discretization has been carried out by the second order accuracy
pattern. The vorticity fields' patterns obtained when calculating the
flow around the IL-76 aircraft configuration are given in Figs. 3 and 4.
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Fig. 2. The computed data vs. experimental ones obtained for IL-76 aircraft model; M¼0.60; solid line denotes the experiment; the dotted line denotes the calculation.

Fig. 1. IL-76 configuration in panel presentation.
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It should to be noted that vorticity diffusion/dissipation
obtained during transition from the three meters cross-section
to the cross-section of one hundred and fifty meters is higher than
during the experiment. This is related to significant numerical
viscosity on the lattices used for calculation. Therefore, the 3D
RANS calculations were only used to obtain the initial field
immediately behind the aircraft.

There are two other approaches to determine the flow char-
acteristics at the near wake boundary: engineering models, e.g.,
the model [25] and the trial measurements. [14]. It is impossible to
determine the near-wake flow characteristics by these approaches,
they only allow to determine the characteristics in the section that
is an initial section for the far wake.

2.2. Far wake

The far wake begins behind the aircraft at a distance that is
approximately equal to the wing span. At such a distance it is
possible to state that the longitudinal velocity and the temperature
do not differ greatly from the approach flow velocity and the
ambient temperature. Therefore, the unsteady analogy is applic-
able [26,4], according to which the 3D main approximation stable
problem is substituted by the 2D unsteady problem by means of

t¼x/u1 formal substitution. Both code complexes that allow
calculation of the far-wake flow are based on the unsteady analogy
application.

The calculation of the vortex jet wake by means of conventional
Reynolds equations closure models results in high diffusion in the
vortex cores [27,28]. Therefore, it was necessary to modify the
turbulence models throughout Complex-1 and Complex-2.

Let us first describe Complex-1. In this code complex the fields
of the following physical magnitudes are calculated: longitudinal
vorticity, longitudinal velocity, temperature and integrated char-
acteristics of turbulence.

The model in references [29–31] was specially generated to suit
the calculation of vortex flows based on the invariant simulation
approach that was developed at Princeton University under the
leadership of Donaldson [32,33].

The equations for vortex jet wake turbulent flow calculation
were derived in paper [30] under the assumption that the
Λ-parameter is included in the equations and proportional to the
size of extended turbulent vortices in the whole flow field. This
parameter is called the turbulent flow macro-scale. Its importance
for the vortex wake is described in paper [31]

Λ=b¼ 0:015: ð1Þ

−20
5 10

−40
13010

−10

−5
−10

−40

−135

−40 −5

−5

−5

Fig. 3. Vorticity field three meters behind the aircraft (1/s).

−1

−4

−10
−14

3

1

3

1−2

−1

−5

−1

−1

−3

Fig. 4. Vorticity field one hundred and fifty meters behind the aircraft (1/s).

S.L. Chernyshev et al. / Progress in Aerospace Sciences 71 (2014) 150–166 153



Attempts to apply this model to vortex wake calculation
resulted also in high diffusion of flows in the vortex cores.
To eliminate this drawback it was decided [34] to abrogate the
consistency of Λ-parameter and to consider it as dependent upon
the longitudinal vorticity field characteristics. In such a case
simultaneous equations for calculation of averaged turbulent flow
functions [12–14] change.

The Λ-magnitude acts the part of efficient turbulent viscosity.
The higher Λ-parameter is, the quicker the heterogeneities in
fields of vorticity, longitudinal velocity and temperature decay.
The re-laminarization of flow is observed even in the vortex cores,
i.e., the sharp reduction of turbulent viscosity and hence of
Λ-parameter.

It is evident that in the immediate vicinity of the aircraft vortex
core the turbulent field of the vortex itself should prevail over the
atmospheric turbulence and Λ should be proportional to the
distance to the vortex core (radius). The Λ-parameter was
assumed to depend upon the flow vorticity. The task is to match
this magnitude value to the vorticity distribution. Thus, let Λ
satisfy Eq. (1) when far from the vortex center and be proportional
to the radius near to it. Let us construct the composite value of this
magnitude within the total flow field. The simulated vorticity
contour ωðrÞ ¼ αe�βr2 in the turbulent vortex core has been used
for this purpose. This contour was close to the experimentally
observed one. In ωðrÞ ¼ αe�βr2 : r means the distance to the vortex
center; α and β are dimensional constants that are responsible for
the vortex intensity and dimension. The solution for Λ is found as

Λ
Λ0

¼ ðω2
max�ω2Þ2

C4Λ4
0ðΔωÞ2ω2

maxþðω2
max�ω2Þ2

( )1=4

; ð2Þ

where Λ0 is calculated using (1), C — is a still to be determined
unknown non-dimensional constant; ωmax — is the maximum
vorticity in the vortex core; Λ — is the Laplace operator.

Far away from vortex centers |ω|⪡ωmax, so ΛEΛ0. When r-0
Λ-r=ð

ffiffiffi
2

p
CÞ. The numerical value of the unknown constant was

found by comparing experimental data to computational ones

C ¼ 5: ð3Þ
The turbulence model (1)–(3) is effective in simulation of both

full-scale experiments and wind tunnel ones using the same
constant (3).

The given model may be generalized for the case of vortex
development in ground surface vicinity. It is known that in wall
vicinity

Λ¼ αz: ð4Þ
The α factor is proportional to the Karman constant to [33]

α¼1.68κ.
The numerical value of κE0.4 [35], therefore αE0.67.
In the case of vortex development in the bottom layer it is

necessary to use a composite formula for the Λ magnitude
satisfying the following three conditions. In the ground surface
vicinity this formula is to turn into formula (4); in the vortex
center vicinity it is to turn into formula (2) and far away from the
vortex centers and the ground surface it is to turn into formula (1).
In contrast to formula (2) in the ground surface vicinity the Λ
magnitude must also depend on the distance to ground.

The following two-level composite formula has been chosen:

Λ
Λ0

¼ ðω2
max�ω2Þ2

C4Λ4
0ðΔωÞ2ω2

maxþðω2
max�ω2Þ2þðΛ0=0:67zÞ4ðω2

max�ω2Þ2

( )1=4

;

for zoz0

Λ
Λ0

¼ ðω2
max�ω2Þ2

ðC4Λ4
0ðΔωÞ2ω2

maxþðω2
max�ω2Þ2Þexpð1�ðz0=zÞÞþðΛ0=0:67zÞ4ðω2

max�ω2Þ2

( )1=4

:

For the calculations the z0 value has been set equal to 20 m.
As a rule, at low altitude the aircraft is in the take-off and

landing mode. In this case the lift devices are deflected and the
multivortical system emerges behind the aircraft. Vorticity is
generated by the vortex wake and the wind (the surface boundary
layer).

The atmosphere may be in various conditions and due to this
fact various undisturbed wind velocity profiles and the tempera-
ture profiles are possible as well. The classification of bottom layer
wind is given in papers [36–38]. One of the simplest classifications
distinguishes a stable state, a neutral state and an unstable one.

Now let us turn to Complex-2. Within this codes complex the
longitudinal velocity field is considered homogeneous and equal to
the free stream velocity. The fields of vorticity, temperature and
integral characteristics of turbulence are computed. The calcula-
tion is performed by means of the turbulent viscosity algebraic
model or the modified k–ε model [15–17]. When the algebraic
model is used the ντ turbulent viscosity coefficient is derived from
a cubic equation that in turn is derived from the balance of
generation and dissipation of turbulent energy

c21ντS
2þc32ε¼

ντ
l4
; ð5Þ

where c1¼0.0002, c2¼0.16, S¼ ∂w
∂r �w

r

�� �� ; w — peripheral velocity,
ε¼0.125q/L, q — RMS atmospheric turbulence fluctuation velocity,
L — atmospheric turbulence scale, l — vortex turbulence scale.
In this case we have l⪡L. Turbulence scale l, as in Complex-1, is not
constant and changes according to the following rule:

l2 ¼ l20
Sffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

cωω2þS2
q ; ð6Þ

here we have cω¼10, l0 ¼
ffiffiffiffiffiffiffiffiffiffi
s0=π

p
, s0 — area occupied by the vortex,

i.e. the area where 99% of total circulation is concentrated, ω —

vorticity.
The modified k–ε turbulence model case. This model is used as

RNG (ReNormalization Group). To eliminate high vortex center
diffusion the formula is modified for ντ turbulent viscosity
coefficient

ντ ¼ Cμ
k2

ε
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þcðωk=εÞ2
q ; ð7Þ

where Cμ¼0.0845, k — turbulence energy, ε — turbulence energy
dissipation rate, and ω — vorticity.

Complex-2 can also be used to calculate wake evolution during
flight in ground vicinity. Similarly to Complex-1, the state of the
turbulent atmosphere is divided into stable, neutral and unstable
states. The main characteristics of the wind profile, turbulent
energy and turbulence energy dissipation rate are calculated by
means of the Monin–Oboukhov model [39,40].

2.3. Codes Complexes verification

Both Codes Complexes for calculating a vortex wake behind the
aircraft have been thoroughly verified to provide the correspon-
dence of computed data to experimental measurements. Besides,
numerical calculations have been verified by wind-tunnel and full-
scale tests.

It should be noted that even under identical integral character-
istics of the turbulent atmosphere its local properties along the
vortex wake extension will be different. Hereupon there are two
ways to calculate the vortex wake evolution in the turbulent
atmosphere. The first one is related to modeling the characteristics
of a wake that is located in a specifically pre-disturbed state of
the turbulent atmosphere [25]. After performing a large number
of such calculations under identical integral characteristics of
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turbulence but under its different local ones it is possible to obtain
averaged wake characteristics and their deviations from the
average state. The second way is related to a direct calculation of
the averaged wake characteristics. Both Complexes are generated
on this basis. For both approaches the calculation may drastically
differ from experimental data as the latter may also be consider-
ably different from average values. This fact is confirmed by the
results of paper [25], which describes two analyses of the wake
characteristics behind a B757 aircraft. In the first analysis the
turbulence energy dissipation rate differed from experimentally
measured one by 4.6; and in the second one it differed by 31.8.
At the same time the characteristics of circulation decay in the
course of time turned out to be closer to experimental character-
istics in the second analysis.

Unfortunately, it is impossible to model the jet-vortex wake as
a whole even in large industrial wind tunnels. Moreover, the wake
characteristics experimentally obtained differ greatly from those
obtained through full-scale measurements. This is due to different
turbulent field parameters of free flow in the wind tunnel and in
the atmosphere. In the course of experiments aimed at studying
the wake only the characteristics related to a single process under
consideration are measured, while the ones related to other
processes are ignored. That is, the far-wake flow characteristics
are rated, but the near-wake vortices influence is not. Therefore,
the computational data and the experimental ones will be com-
pared on the basis of a number of papers.

2.3.1. Let us consider the basic comparison data
Codes Complex-1. Paper [41] presents the results of measuring

the velocity profile in a wake behind an A321-aircraft flying at

high altitude. The ground effect may be neglected in this case.
Figs. 5 and 6 show the measured vertical velocity profiles and the
calculated ones by Codes Complex-1. The vertical velocity profiles
are taken along the line that passes through the vortices' centers.
The results obtained by means of the VORTPAN panel method have
been used as initial data. The free flow velocity was u1¼60 m/s.

In the numerical computation the spatial increment was
Δy¼Δz¼0.16 m; the time increment was Δt¼0.002 s. The y
transversal distance is made dimensionless by the wing semi-
span. In flight tests the parameters were evaluated at intervals
t¼3; 9 and 9.5 s after the aircraft passage.

In flight tests the vortex formation circulation is determined by
lidars. The circulation is usually measured by the circumference of
the specified radius, the center of which coincides with the vortex
center. The results of such measurements are given in paper [43]
for the B757 aircraft. Unfortunately, it does not indicate the radius
for the circulation measured. Therefore, three curves that corre-
spond to radii of 5, 6 and 7 m are given in Fig. 7. The time value is
equal to t¼0 and corresponds to the time period when the aircraft
flies across the section under consideration. The results obtained
by means of the VORTPAN panel method were also used in this
calculation as initial data. The free stream velocity was u1¼60 m/
s. In the computation the spatial increment was Δy¼Δz¼0.1 m;
and the time increment was Δt¼0.01 s.

To verify the code in the case when the vortex wake evolution
in ground vicinity is considered, the results obtained by means of
the codes complex and those calculated by means of Large Eddy
Simulation (LES) and published in paper [25] are used. The initial
circulation, the profiles of wind and temperature have been taken
from paper [25]. The analysis was made for the B757 and DC10
aircraft. Experimental data obtained by means of lidar are also
given. These data have been taken from paper [25] as well. The
comparison is made based on the following parameters: velocity
profiles, circulation drop (averaged within 3–10 m of radius) and
the vortices altitude above the ground surface. The airspeed is
70 m/s. The spatial increment in the numerical computation was
Δy¼Δz¼0.1 m, the time increment was Δt¼0.01 s. The temporal
value t¼0 corresponds to aircraft flight over the section under
consideration.

Let us consider the data for the B757 aircraft. The flight altitude
was H¼175.0 m. The initial vortex circulation was Γ0¼345 m2/s;
the initial distance between vortices was b¼29.8 m. The RMS
turbulent fluctuations velocity was 0.125 m/s. The profiles of
lateral wind and potential temperature are given in Fig. 8. Fig. 9–11
show a calculated velocity profile and the measured one for the
times t¼15, 30 and 80 s after the aircraft flight. The average
circulation values vs. time are given in Fig. 12. The average
circulation is determined as a radius circulation integral divided
by the difference between the upper and bottom integral limits.
The vortex height variation vs. time is given in Fig. 13, the vorticity
field at t¼140 s is given in Fig. 14. The vortices descend sufficiently
within this period of time. The velocity that they induce on the
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ground surface becomes sufficiently high and the secondary
vortices take off the ground surface.

The fields of vorticity and longitudinal velocity tested experimen-
tally at TsAGI were also used to test the computation codes. The
aircraft model was tested in the T-105 Wind Tunnel. The free stream
velocity was 25 m/s. The velocity fields measured at cross section and

located at 0.6 spanwise from the wing were determined as the initial
numerical calculation data. Turbulence intensity was set at q¼0.1 m/s
for the calculation. The calculation was carried out for a Δy¼
Δz¼0.006 m spatial increment and Δt¼0.0002 s time increment.
The experimental data obtained in sections located 0.6 spanwise and
2 spanwise from the wing are given in Fig. 15(a) and (b) respectively.
The computational vorticity field data obtained in the section located
at the distance of 2 wing spans from the wing are given in Fig. 15(c).
Similar data for longitudinal velocity are given in Fig. 16.

Now let us consider Code Complex-2. The location of vortices
and the maximal vortex wake circular velocity were measured in
the vicinity of the Frankfurt airport by means of lidars. In the
course of it the aircraft flight moment and the data measuring
time duration were recorded. The measured data and the data
calculated by means of the k–ε turbulence model for the B747
aircraft flight are given in Fig. 17. The flight altitude was 65 m, the
atmosphere was stable and the wind velocity was 4.6 m/s.

The approach was tested by means of the k–ε turbulence
model when studying the wake behind the B757 aircraft [25].
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The calculation was carried out for a neutral atmosphere and very
low turbulence level. А comparison of computational data with
the experimental data and with the data from paper [25] are given
in Figs. 18 and 19.

3. Vortex wake instability and decay

A vortex wake exists for a long but finite period of time. Its
finiteness is due to vortex wake instability. Depending on the
turbulence atmosphere state the vortex wake behind the high
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aspect ratio wing is intolerant to disturbances of certain wave-
lengths. The instability of various natures is generated by differ-
ences in vortex wake decay scenarios as well. Let us single out
three decay scenarios.

The first and the most frequently observed scenario is the wake
intolerance to long-wave (sinusoidal) disturbances. The λ�10b
wave-length disturbances (b is the distance between vortices)
develop quicker than other ones in an unstratified and low
turbulent atmosphere. In accordance with experimental data
given in paper [44] the atmospheric turbulence is εn ¼ ðεbÞ1=3=V
(where ε is a turbulence energy dissipation rate; V is a vortices
descending velocity) and must be less than 0.05. The long-wave
disturbances maxima and minima have a constant position in the
frame of reference that is related to the ground observation
station. At the same time the disturbance amplitude increases as
the distance between the wake and aircraft becomes longer. In the
frame of reference related to an aircraft the maxima and minima
are shifting with the free stream velocity.

The second scenario takes place in an unstratified and highly
turbulent atmosphere. It is a vortex “burst”. It occurs at εn40.1.
In this case the disturbance wave length is comparable to the
vortex radius. A single vortex or two vortices at once may burst.
The position of burst is constant in the frame of reference related
to the aircraft. The vortex burst occurs due to inverse pressure
gradient along the vortex line. The gradient increases as the
sinusoidal disturbance amplitude grows. Both the first vortex
wake decay scenario and the second one may take place in the
0.05oεno0.1 range.

The third scenario is observed in a steady stratified atmosphere
[45]. The stratification behavior characteristic is the N2 ¼ �ðg=ρ0Þ
ðdρ=dzÞ Brunt–Väisälä frequency (where g is a gravitational accel-
eration; ρ0 is a specific density, dρ/dz is a density change vs.
altitude. The short-wave disturbances with the wave-length ran-
ging from 1 to 2 spans between vortices start to prevail over the
long-wave ones when the Fr¼V/(Nb) Froude number diminishes.
In the course of time the vortices' descending velocity decreases
due to vortex circulation reduction; the Froude number decreases
correspondingly and the short-wave disturbances growth rate
increases. When the short-wave disturbance amplitude is suffi-
ciently high a “coat” of 3-D eddying zones around the vortices is
formed. The idea of such formations is given in colored figures in
paper [46].

Other types of vortex wake instability are possible besides the
above-mentioned ones [47–49]. It is still not clear what role they
play in the general landscape of vortex evolution and if they can
cause vortex decay.

A paper by Crow [50] contains theoretical research on long-
wave wake instability. It explains the mechanism causing sinu-
soidal disturbance by means of the simple model of two infinite
vortex tubes and determines the frequencies for which the
disturbance growth is a maximum.

In a paper by Crow and Bate Jr. [51] the turbulence is
recognized as a cause of sinusoidal disturbances and the wake
lifespan is estimated depending on the turbulent pulsation inten-
sity. This theory predicts rather accurately the lifespan of a vortex
wake if its parameters in the far field behind the aircraft are
known. At the same time it is difficult to forecast these character-
istics during, for example, the landing phase.

The stability of a pair of vortices above the screen is investi-
gated in papers [52,53]. The sinusoidal instability problem is
considered in a simplified manner in papers [50–53]. It is con-
sidered that the spatial evolution may be replaced by the temporal
one in the main approximation due to the vortex wake extension.
In this case it is believed that certain magnitudes, e.g. the distance
between the vortices and their height are supposed to be inde-
pendent of time, i.e., the disturbances develop in a constant
environment. The amplitude is supposed to grow exponentially.
Actually, the distance between the vortices and their height is
changing all the time, especially when moving over the underlying
surface. This noticeably affects the sinusoidal disturbances growth
up to the level that the specified frequency disturbances have
progressive and damping periods in their evolution as they move
away from the aircraft.

Papers [54,55] consider the spatial instability of a vortex wake
in the vicinity of the ground surface both in an ideal fluid and a
turbulent atmosphere.

3.1. Ideal fluid

The problem statement is as follows: the motion of two
oppositely swirled vortex structures under the influence of self-
induction in the presence of the underlying surface that simulates
the ground surface is considered. It is assumed that we know the
vortical tubes' path when there are no unstable disturbances that
would affect vortical tubes. Such an “undisturbed” path may be
obtained by numerical calculation. Let f(t,x) and g(t,x) be the right
vortex deviations from the undisturbed motion (Fig. 20). The
disturbed motion of the vortices may be represented as a super-
position of symmetrical and skewed motions. The surface influ-
ence is simulated by reflected vortices.

Let the disturbances be presented as a wave running at u1
velocity

g¼ AðxÞ cos ðνðx�u1tÞþδ2Þ; f ¼ BðxÞ cos ðνðx�u1tÞþδ2Þ;
where A(x) and B(x) are slowly rising functions. It is easy to obtain
the A(x) and B(x) functions transform sequencing from the wake's
geometric dimensions. At the X-length scale where the aircraft
vortex wake is dissipating up to its decay these functions are
changing at a rate equal to the order of initial vortices' span in the
x¼0 section. The A(x) and B(x) functions are presented as F and G
functions that depend on a new variable η¼x/X; the initial
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distance between vortices is b(0)

AðxÞ ¼ bð0ÞFðηÞ; BðxÞ ¼ bð0ÞGðηÞ
It is demonstrated that the long-wave disturbances will be

observed if and only if u1Eu1. The sinusoidal instability is related
to the wave that “is runnig away” from the aircraft at u1 velocity.
An observer on the ground surface will see a quasisteady-state

evolution of sinusoidal instability. For him the wave in the fixed
spatial point will remain in the same phase up to its decay, but the
wave amplitude will change.

The A(x) and B(x) functions change in accordance with the
general differential equation types which are obtained both for
symmetric and skewed motion. The characteristics of the vortices
are taken into consideration, i.e., the altitude of the vortices above
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the ground (h), the distance between the vortices (b) and the
radius distribution of circulation and the possible variation of this
magnitude during the wake's ageing.

These simultaneous differential equations were solved numeri-
cally to obtain the properties of the wake behind the B747 aircraft.
It turned out that the amplitude of sinusoidal disturbances
depends on many parameters. Moreover, when the parameters
change, not only the amplitude, but also the scenario of vortex
wake instability development may change. Vortex wake evolution
scenarios (back view) under different frequencies of external
disturbance factors are given in Fig. 21. The aircraft flight altitude
is 100 m; the initial amplitude is of 0.5 m along Y-axis and 0.5 m
along Z-axis.

When ν¼0.01 m�1 the disturbance amplitude is continuously
growing (Fig. 21(a)). When ν¼0.02 m�1 (Fig. 21(b)) and
ν¼0.03 m�1 (Fig. 21(c)) the disturbances' amplitude is first
growing then it drops and after that it continues to grow. When
ν¼0.04 m�1 (Fig. 21(d)) a number of amplitude growth and drop
phases have already been observed. These Figures demonstrate
the vibrations plane evolution as the ground surface is approach-
ing. The planes where the disturbances with maximum growing
wave-numbers are propagating are given as a sketch in Fig. 22
(a) and (b).

The disturbances' amplitude growth dependence vs. the dis-
tance to the aircraft is given in Fig. 23(a). The value ~A ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2þB2

p
.

The initial sinusoidal oscillations plane is inclined by 451 in
reference to the horizon. Furthermore, the oscillation amplitude
is growing and the oscillation plane inclination angle may vary.
The inclination angle variation is given in Fig. 23(b).

The wave-numbers for which the disturbance amplitude is
growing are in the 0oνo0.03 m�1 range that corresponds to
4.9boλo1 wave lengths. The maximum rise is observed when
νE(0.017…0.018) m�1 (λE8.1b…8.6b), but this maximum is

rather sloping. The disturbance amplitude vs. wave-number at
x¼20 km behind the aircraft is given in Fig. 24.

The amplitude growth rule that is calculated analytically and
derived empirically is given in papers [50,56]. Based on the
formulae obtained in these papers the amplitude of the sinusoidal
disturbance oscillations behind a B747 aircraft will grow by
e-times within 36.3 s [50] and 30.0 s [56]. In the paper under
consideration this time corresponds to 37.2 s. But it is difficult to
compare this magnitude with the empirically obtained one, as a
large number of factors that influence wake evolution are not
taken into account [57].

The λ¼2π/ν wave-length corresponds to the v wave-number
disturbance. The T¼2π/νu1¼λ/u1 formula is the temporal period
of aircraft vibrations as a solid body. The substitutional values
(λ�400 m wave-length; u1�200 m/s aircraft velocity) in the
abovementioned formula will yield T�2 s. The aircraft oscillation
with a period of T�(1…5) s will be called a short period oscilla-
tion. The motions of this type may be presented by the minor
longitudinal motion when the angle of attack changes near the
equilibrium state or by the minor lateral motion when the slip
angle changes near the equilibrium state [58,59]. At the same time
the study of the aircraft oscillation amplitude demonstrated that it
is rather small and therefore it cannot provide the needed
disturbances growth within the time period that is equal to the
vortex wake lifespan for the known flight experiment.

Therefore, it is necessary to consider the evolution of the
vortices in a turbulent rather than a quiet atmosphere [51]. This
is done in papers [54,55]. The Karman turbulent energy spectrum
is regarded as an atmospheric turbulence model

EðkÞ ¼ 55
27π

q2L
ðαLkÞ4

½1þðαLkÞ2�17=6
;

where α is a constant that is equal to 1.339, L is a turbulence scale,
and k is a wave-number.

The values of the turbulent disturbances are taken into account
according to the papers [60,61]. The left and right vortices in
turbulent atmosphere acquire additional velocity due to which
both vortices either are on a head-on collision course or move
away from each other in the horizontal plane, and the velocity due
to which both vortices move in the vertical plane as an entity. The
velocities of this type contribute to the disturbed symmetric
motion of the vortices. Moreover, the vortices in turbulent atmo-
sphere acquire additional velocity due to which both vortices
move in a horizontal plane as an entity, and the velocity due to
which both vortices move away one from the other in a vertical
plane. The velocities of this type contribute to the disturbed
asymmetric motion of the vortices.

Turbulent motion of a viscous medium constitutes a distribu-
tion of energy containing vortices. The growth rate of the dis-
turbances in the wake behind an aircraft depends mainly on the
vortices' strength, the l — linear size which is comparable with the
size of 10b order. It is exactly the wave-length which the most
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rapidly growing disturbances have [50]. Under the specified RMS
turbulent fluctuations rate the t� l/q [33] typical vortices decay
time is much higher than the wake lifespan. This fact allows us to
roughly consider the vortex wake evolution in a “frozen”
turbulent field.

As a result, the A(x) and B(x) amplitude disturbance growth is
described by normal inhomogeneous differential equations, where
the right parts depend on the turbulence integral characteristics.
After finding the problem solution for each of the harmonic
components it is necessary to obtain the superposition of these
solutions. Doing this directly is impossible as the wave phases are
random; they depend on a particular rather than integral state of
the turbulent atmosphere. Therefore, the solutions are formed in
terms of average.

A dependence of the tlink wake lifespan for the B757 aircraft in
the landing configuration on the q — RMS turbulent fluctuations
rate is given in Fig. 25. The dependence is determined by the given
method (markers) and by empirical dependences [42,62] (solid
line). The calculation by means of empirical dependences was
performed for the following parameters: Γ0¼335 m2/s is an initial
circulation; L¼220 m is a turbulence scale. The proximity of the
calculated curves to the empirical ones indicates the proximity of
the former to the experimental data.

The growth rate of the short-wave disturbances is taken into
account in the TsAGI Code Complexes according to [63].

4. Loss of vortex circulation in aircraft wake

In spite of a great number of published papers devoted to the
aircraft vortex wake there are some problems in comprehending
the physics of certain experimental results. The “loss” of circula-
tion in vortices is one of these problems. The measurements made
by means of lidars indicate that the vortices are weakening in the
course of time: their circulation is alleviated, and the circulation
alleviation rate depends upon the turbulence fluctuations inten-
sity. The higher the RMS turbulent fluctuation rate is the faster the
circulation is alleviated. An empirical formula of this dependence
(dΓ/dt¼�0.82Γq/b) is given in paper [64].

In order to determine the physical origin of the circulation
“loss” of the vortices a simplified problem was considered on two
2D oppositely rotating vortices in a viscid (laminar) fluid [65,66].
Initially both vortices are of a point nature. Such a vortex pair
simulates the vortex wake behind the rectangular high aspect ratio
wing [67]. The difference consists in the decay scenario. A three-
dimensional vortex wake will decay due to a three-dimensional
instability; and the circulation of the right or the left half of a two-
dimensional vortical formation will be decaying in the course of
time. Despite that, the physical origins of the circulation “loss” of
the vortices should be expected to be the same for both cases.

At altitudes that are much higher than the distance between
two vortices the vortices and the air descend jointly as an elliptical
envelope in the course of time. The total circulation of the vortices
is weakening in the course of time due to their interaction with
vortices of the opposite sign. The diffusion is the main mechanism

of the circulation loss of the vortices in a laminar fluid. It is likely
that for the vortex wake evolution in a turbulent atmosphere the
circulation decay will be mainly determined by turbulent diffusion
of the vortices as well. The vortex flow in a frame of reference
descending together with the vortices is given in Fig. 26. Due to
the turbulent diffusion the phenomenon of partial vorticity “anni-
hilation” takes place: the opposite sign vorticity diffuses across the
symmetry line of the elliptical envelope. This is the first way in
which the vortices may lose circulation. Moreover, the vortices
inside the envelope may be considered as a swirled fluid. The fluid
is not swirled outside the envelope. Unstable turbulence distor-
tions displace a portion of swirled fluid from the envelope. This
portion is entrained by the external flow and moves upwards. This
is the second way in which the vortices lose circulation.

The decrease of the circulation of vortices in a laminar fluid is
given in Fig. 27.

5. Mathematical model of aircraft aerodynamics under vortex
wake influence

The above-considered jet-vortex wake models were used to
simulate the dynamics of the second aircraft entering a dangerous
zone. During the simulation the problem of the second aircraft
flying through a “frozen” wake field obtained by means of
calculation was considered. Additional forces and moments con-
ditioned by the jet-vortex wake influence on the second aircraft
were determined in paper [13] according to the following
algorithm:

1. The parameters of relative and angular positions of an aircraft
in a wake were set.

2. Aerodynamic forces and moments in uniform flow were
determined by means of a panel method.

3. The jet-vortex wake perturbed velocities were determined in
panel test points by means of interpolation.

4. The flow analysis (the additional velocities were taken into
account) was carried out; and the aerodynamic forces and
moments were calculated.

5. The additional forces and moments were calculated by sub-
tracting the values obtained at step-2 from the values obtained
at step-4.

Thus the method of calculation was used to determine the
increments of forces and moments that influenced the aircraft that
flew into a jet-vortex wake area. While calculating the aircraft
motion dynamics, the increments were calculated at each time
step and added to the forces and moments taken from the bank of
aerodynamic characteristics of the aircraft under consideration.
Such an approach allows calculating the aircraft motion when
flying into the jet-vortex wake of the other aircraft. But in order to
simulate the unsafe flight situations by means of flight simulators
or pilot training simulators it is necessary to create models that
function in real time operation. The approach enabling real-time
simulation is proposed in papers [13,68–72], where the creation of
software modules which will be used to determine the additional
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aerodynamic forces and moments acting on the aircraft entering
the vortex wake influence area of another aircraft in the course of
simulating the flight dynamics on a flight simulator is examined.
To provide the high performance and the acceptable accuracy
when determining the aerodynamic forces and moments the
problem under consideration uses the simplified assumptions:
forces and moments acting on aircraft are calculated in steady
state; there are no lateral and vertical winds; the second aircraft
influence on the characteristics and shape of the jet-vortex wake
created by the first aircraft is not taken into account, and; the
controls and the lift devices are in cruise configuration.

The algorithm chosen corresponded to the problem solution; it
was formally staged as follows:

1. Characterizing the flow in the wake behind the first aircraft
during cruise flight. The engine jets were taken into account in
a calculation that was carried out using a certain basic regime
by weight, flight altitude and velocity.

2. Recalculating the velocity field in vortex wake vicinity vs.
weight, flight altitude and velocity. Calculation of additional
forces and moments acting on the second aircraft vs. its spatial
position in reference to the aircraft that generated the wake.

3. Carrying out the calculations of item 2 for a large number of
random realizations of aircraft relative position, flight config-
uration and weight of the wake generator aircraft.

4. Forming the pattern population for training six neural net-
works that approximate the additional aerodynamic forces and
moments acting on the second aircraft on the basis of item 3.
Selecting topology and training the neural networks.

5. Accuracy evaluation of the approximations obtained.

Without using the neural networks, the calculation of addi-
tional forces and moments acting on an aircraft in a vortex wake
(already calculated) requires about 10 s per point by means of a
high-end PC. When using this data for simulating the refueling
dynamics at the training simulator in real time for the character-
ization of the aerodynamic properties it is necessary to reduce the
time required for determining the aerodynamic characteristics to
0.001 s, which is conditioned by the time integration step of the
aircraft equations of motion. To solve this problem the approach
based on approximating the obtained aerodynamic characteristics
massive by means of artificial neural networks was used. Under

such an approach the artificial neural networks that had been
preliminarily trained using calculated data were employed as
software modules for the aircraft aerodynamics in the mathema-
tical software of the training simulator. This allowed reducing the
time required for calculating the aircraft's wake characteristics
significantly, with negligible determination accuracy.

Neural networks of multilayer perceptron with two buried
layers type were used. The neural networks input vector contained
both the three coordinate values of middle-haul aircraft in
reference to the A380 and three angle values that described the
aircraft angular position. The output vector was calculated by the
increment of the aerodynamic forces and moments that were
conditioned by the A380 wake effect. In total, six neural networks
were trained to approximate three forces coefficients (Cd, CL, Cy)
and three moments coefficients (Cl, Cn, Cm).

About 100 000 calculations with random values of medium-
haul aircraft positions in the A380 wake were performed in order
to form a patterns population that was used to train and test the
neural networks.

The general view of panel aircraft models and their positional
relationship are given in Fig. 28. The total number of panels
required to describe both aircraft models was about 1500. The
calculations of the aerodynamic forces and moments that influ-
enced the medium-haul aircraft were performed within the wide
range of spatial and angular positions of this aircraft in reference
to the A380 aircraft. The A380 airspeed value was assumed to
coincide with the one of a medium-haul aircraft.

After training neural networks the accuracy of determining the
increment to forces and moments generated when the aircraft
entered into vortex wake zone was evaluated. The evaluation data
obtained were compared to the computational characteristics
obtained by the panel program. The following integrated evalua-
tions of determining the accuracy of additional forces and
moments were obtained; the RMS approximation errors devia-
tions were:

σðΔCdÞ ¼ 0:0010; σðΔCLÞ ¼ 0:0160; σðΔCyÞ ¼ 0:0019;

σðΔClÞ ¼ 0:0024; σðΔCnÞ ¼ 0:0007; σðΔCmÞ ¼ 0:0180:

In order to analyze the results the contour lines of forces and
moments that influence the aircraft in the A380 vortex wake have
been calculated. The patterns of lift variation contour curves when
the aircraft is in X-sections that are 3000 m behind the other

X, Y, Z, θ, γ, ψ, VV, G, h

Fig. 28. Mathematical models of А380 aircraft and of medium-haul aircraft.
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aircraft are given in Fig. 29. The patterns have been obtained by
connectionist approximators. The aircraft airspeed was 236 m/s,
the angle of attack was 21, the angles of roll and heading were 0,
respectively. The patterns of roll moment coefficient increment in
relation to the aircraft's position in the wake are given in Fig. 30.
The figures clearly show that the highest lift loss is observed when
the aircraft is in the A380 aircraft symmetry plane; and the roll
moment is under the most influence when the aircraft is close to
the vortex core. To sum up, when the aircraft is within the vortex
wake area it is influenced by the heeling and turning moments
oriented towards the generator aircraft symmetry axis.

Key flight characteristics during cruise or in airfield vicinity are
evaluated with significant error. In addition to the turbulence field
characteristics, such parameters include the aircraft weight, its
position, the wake instability parameters and wind velocity along
the total wake evolution. The last parameter is the most impor-
tant. Thus, if the wake lifespan is 200 s, the wind velocity in a
given volume is known with 0.5 m/s accuracy, the error in
determining the wake position may be 100 m. The concept of
vortex wake calculation by probabilistic methods is presented in
paper [73].

The type of probabilistic methods application in mathematical
models developed for aircraft simulators is given in paper [68]. Let
us describe the methods proposed. The vortex wake of the
generator aircraft at cruise flight is dangerous only when the
second aircraft is flying at a lower flight level. The upper aircraft
must measure the horizontal wind components values by means
of airborne devices and communicate the data obtained to the
lower aircraft. In turn, the lower aircraft must measure the
horizontal wind velocity components and assess the true vortex
positions not long before encountering the collision point of the
headings. Since the measurements are performed with errors

(it may be assumed that they are of Gaussian distribution charac-
terized by σwm RMS metering error) the positions of the vortices
generated by the upper aircraft at the specified moment of time is
determined by a certain ellipsoid where the wake may appear
with a certain P probability. The envelope of these ellipsoids
constitutes a surface similar to an elliptic cone (Fig. 31).

If the measurements indicate the presence of the lateral wind,
the horizontal cone projection is skewed in reference to the upper
aircraft's flight course. The thickness of this projection is propor-
tional to the wing measurement computational error.

The model of twin-engine medium-haul aircraft was used to
simulate the aircraft and vortex wake interaction by means of the
PSPK-102 flight simulator and the supplementing PC-based mini-
simulator. The visualization of the display system in the instru-
ment panel is given in Fig. 32.

In order to distinguish between high and low vortex wake
impact on the aircraft it is necessary to elaborate the quantitative
criteria of this impact. Paper [68] put forward a “discomfort”
parameter. The discomfort level is defined by the load factors and
angular acceleration that influence the aircraft.

6. Conclusion

The description of the above-presented papers carried out at
TsAGI highlighted mainly the topics of determining the properties
of a vortex wake and its effect upon the aircraft behind it. At the
same time, other problems associated with the vortex wake were
considered at TsAGI: the atmosphere influence on the vortex wake
evolution and on the additional vorticity generation [74]; the
vortex wake properties control by means of circulation redistribu-
tion over the aircraft wing [75,76]; the particle motion within the

Fig. 32. Display system.
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vortex wake [77–79]; the wind tunnel simulation of a vortex wake
and its influence on the aircraft model [80–82]; the aircraft
dynamic loading in a vortex wake [83–86], and; the aircraft
dynamics conditioned by vortex wake influence [87,88].

Theoretical, computational and experimental research of vortex
wakes behind aircraft is currently being conducted in TsAGI as well as
other Russian institutions. This research is of increasing importance in
light of the need to shorten the distances between aircraft.
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